Introduction and Main Results
One of the major problems in commutative algebra is to recover information about a commutative ring A from known properties of the form ring G := G A (q) = ⊕ n≥0 q n /q n+1 with respect to some ideal q of A. There are Krull's classical results saying that A is an integral domain resp. a normal domain if G is an integral domain resp. a normal domain. It follows from the work [1] , [2] , [8] that several other properties of a homological nature, like regularity, Cohen-Macaulayness, Gorensteinness etc., descend from G to A. In this note we want to pursue this point of view further. To this end let Q denote the homogeneous ideal of G generated by all the inital forms of element of q. For our purposes here we investigate the local cohomology modules H • Q (G) and H
• q (A) of G with respect to Q and of A with respect to q resp. For their definition and basic properties see [7] . The first result concerns the descent of the finiteness from H i Q (G) to H i q (A). Theorem 1.1. Let q be an ideal of a commutative Noetherian ring A. Assume H i Q (G) is a finitely generated graded G-module for all i < t. Then H i q (A), i < t, is a finitely generated A-module. Furthermore, let H i (Q; G) and H i (q; A) denote the Koszul cohomology of G with respect to Q and of A with respect to q resp. Note that changing the basis yields isomorphic cohomology modules. Hence, it is not necessary to fix a basis in our notation. It is well-known, see e.g. [7] , that there are canonical homomorphisms
. Our next result concerns the descent of the surjectivity from f i G to the surjectivity of f i A . Note that the surjectivity of f i A is the crucial point in the investigation of local Buchsbaum rings, see [13] . For a graded G-module M let [M] k , k ∈ Z, denote its k-th graded piece. The third result has supplementary character. It gives a sufficient condition for f i G , i < t, to be a surjective homomorphism. As shown in Example 4.4 it is not necessary. Theorem 1.3. Let t be an integer. Assume for each 0 ≤ i < j < t and all integers p and q such that
The proof of 1.1 and 1.2 is based on a spectral sequence technique of Serre [12] , devised for passing from the form ring to the underlying ring, see 2. Another spectral sequence argument yields the proof of 1.3. The above results apply to Buchsbaum rings, for this see 4. We refer to [15, 5.6] for an introduction and the baic results concerning spectral sequences.
The author is grateful to Rüdiger Achilles for stimulating discussions during the preliminary draft of this note several years ago.
Auxiliary Spectral Sequences
A filtration of a ring A is a decreasing sequence of ideals (a n ) n∈Z of A such that a m a n ⊆ a m+n a nd a 0 = A. A filtered A-module is an A-module
for all n and aM n = M n+1 for all suffciently large n., By virtue of [6, (0.11.1.3)] a filtration is called exhaustive (resp. co-discrete) provided ∩ n∈Z M n = M (resp. there is an integer m such that M m = M).
Proposition 2.1. Let q be an ideal of a commutative Noetherian ring A. Then there exists a spectral sequence
∞ -term is the p-th component of the graded module associated to an essentially q-adic filtration of H p+(A). Proof. Based on Serre's technique [12] Achilles and Avramov, see [1] , constructed a spectral sequence 
By virtue of the canonical homomorphism induced by
A/q n+1 → A/q n and G/Q n+1 → G/Q n both sides from a direct system. According to [6, (0.11.1)] we may form its direct limit, which yields the desired spectral sequence. Note that the filtration induced by the direct limit of the spectral sequences is in general not co-discrete. But it is always exhaustive.
The above proposition is the crucial point of our investigation. It is based on Serre's technique [12] , devised for passing from the tangent cone of a variety to the variety itself. For further investigations see [1] . The next proposition concerns the Koszul cohomology. Its proof follows from [12] , see also [1] . Proposition 2.2. Let q, A, Q, and G as before. Then, there is a convergent spectral sequence
whose E pq ∞ -term is the p-th component of the graded module associated to an essentially q-adic filtration of H p+q (q; A).
The proof of 2.3 is similarly to the proof of 1.1. Hence we omit it. The particular case of 2.3 for a local ring A and an m-primary ideal has been shown in [10, (4. 2)], by a completely different technique.
As a further auxiliary result we shall use the following well-known spectral sequence, see e.g. [11, Section 2]. Proposition 2.4. There is a convergent spectral sequence
for computing the Koszul cohomology.
Proof of (1.2) and (1.3)
Proof of 1.2. Firstly, we consider the spectral sequence given in 2.1. We claim that E pq 1 = E pq ∞ for p + q < t. In order to show this we consider the subsequent stages, i.e. To this end we note that
, where m denotes the number of generators of Q. Therefore, E pq 2 vanishes for p + q = i < t (resp. p + q = t) in all graded pieces = k − i − 1, k − i (resp. > k − t). Hence, the spectral sequence proves the claim. Thirdly, we apply this result in order to investigate the spectral sequence given in 2.2. Similarly as in the first part of the proof it yields a short exact sequence 
Proof. For this we have to investigate the spectral sequence given in 2.4. We claim [E there is a canonical surjective homomorphism
By virtue of the functoriality of the considered spectral sequence it is nothing else but f i G , i.e. f i G , i < t, is surjective, as required. 2
Applications to Buchsbaum Rings
In this section (A, m) denotes a local Noetherian ring of dimension d with m its maximal ideal. Then A is called a Buchsbaum ring if the difference C(A) := L(A/q) − e(q; A) is an invariant of A not depending on the choice of a parameter ideal q of A. Here L(A/q) and e(q; A) denote resp. the length of A/q and the multiplicity of A with respect to q, see [14] for further details. In his crucial paper [13] Stückrad showed that A is a Buchsbaum ring if and only if the canonical homomorphism f 
